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L ARGE-SCALE IRREGULAR GRAPH PROCESSING

= Becoming more important [1]
= Machine learning
= Computational science
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[1] A. Lumsdaine et al. Challenges in Parallel Graph Processing. Parallel Processing Let. 2007.
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numerical computations to accelerate
graph processing

ACSR [1]
ESB [3]
ELLPACK/ELL SELL-P [4] "

Sliced ELLPACK [2]

[1] A. Ashari et al. “Fast Sparse Matrix-vector Multiplication on GPUs for Graph Applications”. SC14.

[2] A. Monakov et al. “Automatically tuning sparse matrix-vector multiplication for GPU architectures”. ICHPEAC’10.
[3] X. Liu et al. “Efficient sparse matrix-vector multiplication on x86-based manycore processors”. ICS’13.

[4] H. Anzt et al. “Acceleration of GPU-based Krylov Solvers via Data Transfer Reduction”. Intl. J. HPCA 2015.
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[1] A. Ashari et al. “Fast Sparse Matrix-vector Multiplication on GPUs for Graph Applications”. SC14.

[2] A. Monakov et al. “Automatically tuning sparse matrix-vector multiplication for GPU architectures”. ICHPEAC’10.
[3] X. Liu et al. “Efficient sparse matrix-vector multiplication on x86-based manycore processors”. ICS’13.

[4] H. Anzt et al. “Acceleration of GPU-based Krylov Solvers via Data Transfer Reduction”. Intl. J. HPCA 2015.
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Specific to

a given
ldea: utilize novel techniques used in architecture
numerical computations to accelerate

graph processing

Issues
Similar to
ACSR [1] the ones in
ESB [3] CSR
ELLPACK/ELL SELL-P [4] "

Sliced ELLPACK [2] SELL-C-sigma [5]

[1] A. Ashari et al. “Fast Sparse Matrix-vector Multiplication on GPUs for Graph Applications”. SC14.

[2] A. Monakov et al. “Automatically tuning sparse matrix-vector multiplication for GPU architectures”. ICHPEAC’10.
[3] X. Liu et al. “Efficient sparse matrix-vector multiplication on x86-based manycore processors”. ICS’13.

[4] H. Anzt et al. “Acceleration of GPU-based Krylov Solvers via Data Transfer Reduction”. Intl. J. HPCA 2015.
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similar to
ACSR [1] the ones In
ESB [3] .
ELLPACK/ELL SELL-P [4] "t
Sliced ELLPACK [2] SELL-C-sigma [5]

[1] A. Ashari et al. “Fast Sparse Matrix-vector Multiplication on GPUs for Graph Applications”. SC14.

[2] A. Monakov et al. “Automatically tuning sparse matrix-vector multiplication for GPU architectures”. ICHPEAC'10.

[3] X. Liu et al. “Efficient sparse matrix-vector multiplication on x86-based manycore processors”. ICS’13.

[4] H. Anzt et al. “Acceleration of GPU-based Krylov Solvers via Data Transfer Reduction”. Intl. J. HPCA 2015.

[5] M. Kreutzer et al. “A unified sparse matrix data format for efficient general sparse matrix-vector multiplication on modern
processors with wide SIMD units”. SIAM J. of Scientific Computing.
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(R U {00}, min, +, =, 0)

SELL-C-SIGMA + SEMIRINGS
SYSTEMATIC ANALYSIS

(R, max,:, —, 1)
(R, +,,0,1)

({0,1},1,&,0,1)

What are the actual
semirings and their
formulations?

) How to derive
both distances

| What is work complexity
of BFS based on Sell-C- and parents?
sigma?
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fr = [similar to Real]
After
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SELL-C-SIGMA + SEMIRINGS
FORMULATIONS

12 // Compute x3. (versions differ based on the used semiring):
13|#ifdef USE_TROPICAL_SEMIRING

14 x = MIN(ADD(rhs, wals), x);
15|#elif defined USE_BOOLEAN_SEMIRING
16 x = OR{AND(rhs, vals), x);
l?ll‘elif defined USE_SELMAX_SEMIRING

TROPICAL SEMIRING

BOOLEAN SEMIRING I

SEL-MAX SEMIRING

18 x = MAX(MUL(rhs, wvals), x);

19 #endif

20 index += ('

21 3

22 // Now, derive fr. (versions differ based on the used semiring):

23|#ifdef USE_TROPICAL_SEMIRING

24 STORE(&fr[i*C], x); // Just a store.
25{#elif defined USE_BOOLEAN_SEMIRING

26 // First, derive fi using filtering.
27 V g = LOAD(&gp_1[i*C]); // Load the filter gp_q.

28] x = CMP(AND(x, g), [@,0,...0], NEQ); STORE(&x [i*C], x);
29
30 // Second, update distances d; depth is the iteration number.
31 V x_mask = x; x = MUL(x, [depth,...,depth]);

32| x = BLEND(LOAD (&d[i*C']), x, x_mask); STORE(&d[i*C'], x);

i3
34 // Third, update the filtering term.

35| g = AND(NOT(x_mask), g); STORE(&gr[i*C], g);
36|#elif defined USE_SELMAX_SEMIRING:

37 // Update parents. SEL-MAX SEMIRING
38 V pars = LOAD(&p;_1[i*C']); // Load the required part of pp_;
390 V pnz = CMP(pars, [@,0,...,08], NEQ);

40 pars = BLEND([®,@,...,8], pars, pnz); STORE(&pp[i*C]1, pars);
41
421 // Set new x; vector.

43| V tmpnz = CMP(x, [@,@,...,8], NEQ):

44 x = BLEND(x, &v[i*C'], tmpnz); STORE(&zp [i*C], x);

TROPICAL SEMIRING

BOOLEAN SEMIRING

A

45 |#endif

Sell-C-sigma: val array

Sell-4-1 (no sorting)

d
for padding

Sell-4-12 (full sorting)

(X' 0p1,0pP2, ell! elz)
(R U {00}, min, +, 0, 0)
(R, +,-,0,1)

({0,1},],&,0,1)
(R, max,:, —,1)
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12 // Compute x3. (versions differ based on the used semiring):
13|#ifdef USE_TROPICAL_SEMIRING

14 x = MIN(ADD(rhs, wvals), x);
15|#elif defined USE_BOOLEAN_SEMIRING
16 x = OR{AND(rhs, vals), x);
l?lielif defined USE_SELMAX_SEMIRING

TROPICAL SEMIRING

BOOLEAN SEMIRING I

SEL-MAX SEMIRING

18 x = MAX(MUL(rhs, wvals), x);

19 #endif

20 index += ('

21 3

22 // Now, derive fr. (versions differ based on the used semiring):

23|#ifdef USE_TROPICAL_SEMIRING

24 STORE(&fr[i*C], x); // Just a store.
25{#elif defined USE_BOOLEAN_SEMIRING

26 // First, derive fi using filtering.
27 V g = LOAD(&gp_1[i*C]); // Load the filter gp_q.

28] x = CMP(AND(x, g), [@,0,...0], NEQ); STORE(&x [i*C], x);
29
30 // Second, update distances d; depth is the iteration number.
31 V x_mask = x; x = MUL(x, [depth,...,depth]);

32| x = BLEND(LOAD (&d[i*C']), x, x_mask); STORE(&d[i*C'], x);

i3
34 // Third, update the filtering term.

35| g = AND(NOT(x_mask), g); STORE(&gr[i*C], g);
36|#elif defined USE_SELMAX_SEMIRING:

37 // Update parents. SEL-MAX SEMIRING
38 V pars = LOAD(&p;_1[i*C']); // Load the required part of pp_;
390 V pnz = CMP(pars, [@®,0,...,8], NEQ);

TROPICAL SEMIRING

BOOLEAN SEMIRING

A

40 pars = BLEND([®,@,...,8], pars, pnz); STORE(&pp[i*C], pars);
41

421 // Set new x; vector.

43| V tmpnz = CMP(x, [0,@,...,0]1, NEQ);

44 x = BLEND(x, &v[i*C'], tmpnz); STORE(&zp [i*C], x);

45 |#endif

Sell-C-sigma: val array

Sell-4-1 (no sorting)

(X' 0p1,0pP2, ell! elz)
(R U {00}, min, +, 0, 0)

+ (R, +,,0,1)

({0,1},],&,0,1)
(R, max,:, —,1)

u
for padding

Sell-4-12 (full sorting)

® Detailed
formulations are
in the paper ©
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12 // Compute x3. (versions differ based on the used semiring):
13|#ifdef USE_TROPICAL_SEMIRING

14 x = MIN(ADD(rhs, wvals), x);
15|#elif defined USE_BOOLEAN_SEMIRING
16 x = OR{AND(rhs, vals), x);
l?llelif defined USE_SELMAX_SEMIRING

TROPICAL SEMIRING

BOOLEAN SEMIRING I

SEL-MAX SEMIRING

18 x = MAX(MUL(rhs, wvals), x);

19 #endif

20 index += ('

21 3

22 // Now, derive fr. (versions differ based on the used semiring):

23|#ifdef USE_TROPICAL_SEMIRING

24 STORE(&fr[i*C], x); // Just a store.
25{#elif defined USE_BOOLEAN_SEMIRING

26 // First, derive fp using filtering.
27 V g = LOAD(&gp_1[i*C]); // Load the filter gp_q.

28| x = CMP(AND(x, g), [@,0,...8], NEQ); STORE(&z [i*C1, x);
29
30 // Second, update distances d; depth is the iteration number.
31 V x_mask = x; x = MUL(x, [depth,...,depth]);

32 x = BLEND(LOAD (&d[i*C1), x, x_mask); STORE(&d[i*C1], x);

33
34 // Third, update the filtering term.

35| g = AND(NOT(x_mask), g); STORE(&gr[i*C], g);
36|#elif defined USE_SELMAX_SEMIRING:

37 // Update parents. SEL-MAX SEMIRING
38 V pars = LOAD(&p;_1[i*C']); // Load the required part of pp_;
390 V pnz = CMP(pars, [@®,0,...,8], NEQ);

TROPICAL SEMIRING

BOOLEAN SEMIRING

A

40 pars = BLEND([®,@,...,8], pars, pnz); STORE(&pp[i*C], pars);
41

421 // Set new x; vector.

43| V tmpnz = CMP(x, [0,@,...,0]1, NEQ);

44 x = BLEND(x, &v[i*C'], tmpnz); STORE(&zp [i*C], x);

45 |#endif

Sell-C-sigma: val array

(X' 0p1,0pP2, ellﬂ elz)
(R U {00}, min, +, 0, 0)

+ (R, +,,0,1)

({0,1},],&,0,1)
(R, max,:, —,1)

d
for padding

Sell-4-1 (no sorting) Sell-4-12 (full sorting)

What vector
operations are
required for each
semiring when using
Sell-C-sigma

® Detailed

formulations are
in the paper ©
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12 // Compute x3. (versions differ based on the used semiring):
13|#ifdef USE_TROPICAL_SEMIRING

14 s vals), x). [rropicat sewrn )
H . vals), ;o [sooLean semriG )
H ho. vals), x3; [seLuax semrne )
19 #endif

20 index += ('

21 3

22 // Now, derive fr. (versions differ based on the used semiring):
23| #4 SE_TROPICAL_SEMIRING

24
25
26
27
28
29
30
31
32
i3
34
35
36
37
38
39
40
41
42
43
44
45

#elif defined USE_BOOLEAN_SEMIRING

#elif defined USE_SELMAX_SEMIRING:

#endif

FRli*CT, x): // Just a store. TROPICAL SEMIRING

A

// First,. derive fi using filtering. e
v E gk—ltl*C])’ // Load the filter Bk—1-
. - $), [0,0,...01, NeQ); [SHORE@=1[1+C1, )
// Second, update distances d; depth is the iteration number.
v = x- =H<, [depth,...,d -
X &d[1xC']), x, x_mask); d[i=C'], x);
// Third, update the filtering term.
= AND(NOT(x_mask), g); STORE(&gp[i*C], g);

I =

SEL-MAX SEMIRING

// Upd nts.
V pars &pr_1[i*C']1); // Load the required part of pp_;
V pnz rs, [@,e,...,8], NEQ);

pars =

Bra’---ra]r pars, pnz);-pk[i*c]p Par5);

// Set new xj3 vector.
vVt x, [@,0,...,0],

X = v[i*xC], tmpnz];“mk[i*l:], X);
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Sell-C-sigma: val array

(X' 0p1,0pP2, ell! elz)
(R U {00}, min, +, 0, 0)

(R, +,-,0,1)

({0,1},],&,0,1)
(R, max,:, —,1)

d
for padding

Sell-4-1 (no sorting) Sell-4-12 (full sorting)

What vector
operations are
required for each
semiring when using
Sell-C-sigma

® Detailed

formulations are
in the paper ©
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COMPUTATIONAL COMPLEXITY + p : the maximum degree

» Assume tropical semiring
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» Assume tropical semiring
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e The size of the largest block:
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GRAPH REPRESENTATIONS Q Vertices are sorted by their degree

» pP;:the degree of the ith vertex
COMPUTATIONAL COMPLEXITY + p : the maximum degree

» Assume tropical semiring

c The size of all the blocks (except
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o 1 .o Sate
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vertex vertex

e The size of the largest block: pC
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e The size of the largest block: pC

e Storage bound
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GRAPH REPRESENTATIONS Q Vertices are sorted by their degree

» pPi:the degree of the ith vertex
COMPUTATIONAL COMPLEXITY - p :the maximum degree

« Assume tropical semiring

a The size of all the blocks (except
the largest): N e
f#chunks F
o 1 o .o
=2 - pp—— L

vertex vertex

e The size of the largest block: pC

e Storage bound

#chunks

C - Pic-1 <?2m +ﬁC
=1
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GRAPH REPRESENTATIONS
COMPUTATIONAL COMPLEXITY

a The size of all the blocks (except
the largest):

#chunks

z C:pic-1 = 2m

=2

e The size of the largest block: pC

#chunks

C * Pic-1 < 2m+,5C

Storage bound

=1

» Vertices are sorted by their degree

» pPi:the degree of the ith vertex
* p :the maximum degree
« Assume tropical semiring

degree

a Computational complexity bound

W=0MDn+m+ pC))
=0(Dn+Dm+ DpC)
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Is that all?

Not really...
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SLIMSELL
REDUCING STORAGE OVERHEADS
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SLIMSELL

REDUCING STORAGE OVERHEADS

Representation || Sell-C-o |CSR  |AL | SlimSell

Size [cells] ||4m + 22 + P|4m 4+ n|2m +n|2m + 22 + P
Sell-4-12 SlimSell
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[1] J. Leskovec et al. Kronecker Graphs: An Approach to Modeling Networks. J. Mach. Learn. Research. 2010.
[2] P. Erdos and A. Renyi. On the evolution of random graphs. Pub. Math. Inst. Hun. A. Science. 1960.
[3] https://snap.stanford.edu
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TYPES OF GRAPHS
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&g

Purchase networks

[1] J. Leskovec et al. Kronecker Graphs: An Approach to Modeling Networks. J. Mach. Learn. Research. 2010.
[2] P. Erdos and A. Renyi. On the evolution of random graphs. Pub. Math. Inst. Hun. A. Science. 1960.
[3] https://snap.stanford.edu
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Real semiring

(IR; +)') 0; 1)

k—1
fr = (AT Qg fr_1) Ok (zzzoﬁ)
distances = 0(D) After

parents € O(m) — iterations

Sel-max “semiring”
(R, max,:, —0,1)
k-1
= (AT ) —
fr ( Qr fx 1) (leofl)

distances € O(D) After
parents € 0(1) — iterations
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e To ensure that with probability 1 — @ all vertices have degree less than p, we need:
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